Recent experimental work has revealed the nature of air or * blast ' waves which are produced by explosions. Though the theory of sound is of some assistance in developing a dynamical representation of the phenomena observed the lim itation imposed in the theory by the assumption th a t the disturbance is small prevents any quantitative comparison between theory and observation from being made. Indeed, it is shown in the present work th at, quite apart from the possible formation of shock waves, phenomena occur in spherical waves of finite amplitude the existence of which is not predicted even qualitatively by the theory of sound.
Recent experimental work has revealed the nature of air or * blast ' waves which are produced by explosions. Though the theory of sound is of some assistance in developing a dynamical representation of the phenomena observed the lim itation imposed in the theory by the assumption th a t the disturbance is small prevents any quantitative comparison between theory and observation from being made. Indeed, it is shown in the present work th at, quite apart from the possible formation of shock waves, phenomena occur in spherical waves of finite amplitude the existence of which is not predicted even qualitatively by the theory of sound.
There are im portant difficulties to be faced in the application of theoretical methods to this type of phenomenon. In the first place it is necessary to formulate a set of mathematical assumptions which approximate as closely as possible to the conditions actually prevailing in an explosion, and a t the [ 153 J 11-2 same time are not too involved for mathematical development. In the case of an actual explosion a volume of gas is produqed during a short time interval by chemical action. This expands at high pressure and compresses the surrounding air, thus forming a wave which is propagated outwards. The outward movement of the air in this wave is necessarily associated with reduction of density, and consequently of pressure, in the region of the explosion. This reduction of pressure will stop outward movement and even reverse it. The ultimate aim of theoretical researches on the formation of air waves from explosions must be to include the action and reaction between the gas formed by the explosive and the surrounding air. I t has, however, been suggested by Professor G. I. Taylor that in the first instance a theoretical approach to the problem can be made by regarding this process as a combination of two occurrences, each leading to a separate investigation from a mathematical point of view. The first problem to be considered is the effect produced in a uniform compressible fluid medium such as the atmo sphere when a solid sphere rapidly expands from a point to some finite radius. The second problem is concerned with the motion produced when a com pressed sphere of fluid localized at rest within the atmosphere is suddenly released. The problem of the expanding sphere has now been fully in: Vestigated and the results are shortly to be published. The present paper deals with the solution of the second problem in a particular case, and indicates some of the interesting possibilities that may arise.
To deal with the problem of the compressed sphere of fluid the following assumptions have been adopted. The sphere is such that it could have been formed by an adiabatic compression within the atmosphere; that is to say, the spherical distribution of pressure is itself part of the homogeneous com pressible atmosphere, and the pressure, density and temperature conditions at any point could be obtained from an adiabatic compression of the uniform atmosphere at that point. The entropy is thus everywhere constant. The distribution of density is a spherically symmetrical one. Density is assumed to decrease with increasing radius from the centre in such a way that dp/dr is continuous, in order to avoid awkward discontinuities, and finally to approach the uniform density of the atmosphere outside the central disturbance. The initial velocity is everywhere zero. The problem is thus reduced to one of calculation of finite amplitude spherical waves resulting from given initial conditions. So far as is known at present, no general theory of finite amplitude spherical waves is available. Indeed, the equations which govern such a motion are of so complicated a nature that the attainment of a general solution to cover all initial conditions would appear to be a matter of great difficulty. I t was therefore decided th a t in the first place step-by-step calculations should be carried out, starting from a given set of initial con ditions. I t was hoped th a t such a calculation might reveal any important differences th at occurred in the formation and behaviour of finite amplitude spherical waves as compared with finite amplitude plane waves or spherical sound waves. This hope has turned out to be fully justified.
The general solutions for small plane and spherical disturbances are well known (Lamb 1916, chap. 10) . The small plane disturbance breaks up into two plane sound waves moving outwards in opposite directions, each having half the amplitude of the original disturbance. The small spherical dis turbance gives a spherical sound wave which is propagated outwards from the centre of the disturbance. The wave consists of a single crest followed by a single depression, and the amplitude falls off inversely as the distance of the wave from the centre of the disturbance.
The general solutions for finite amplitude plane waves have been obtained by Earnshaw and Riemann (see Lamb 1916) working independently. I t was found that any plane wave of finite amplitude must necessarily suffer a change of shape as it moves along. From a graphical viewpoint, those portions of the wave where the density decreases in the direction of pro pagation become steeper, whereas the portions where density increases tend to become less steep (Taylor and MacColl 1935, p. 215) . As a result, any plane wave of finite amplitude must eventually assume the characteristics of a shock wave. Working on these lines it is found th at a compressed slab of fluid breaks up into two waves travelling in opposite directions, both of which eventually develop one or more shock wave surfaces.
With regard to finite amplitude spherical waves, it is to be expected th at amplitude again will approximately fall off inversely as the distance of the wave from the centre of the disturbance, as with the spherical sound wave. This diminution in amplitude will tend to oppose any tendency there may be for the front wave to become steeper, that is, the wave may fail to assume the characteristics of a shock wave. The results of the calculations have confirmed this conjecture in one case, and have also brought to light other important relative differences in the properties of the finite amplitude spherical waves. Thus, whereas in all three cases previously there is a single wave crest propagated outwards, the finite amplitude spherical disturbance gives rise to a train of waves of diminishing amplitude, rather similar to a train of ripples moving outwards from a disturbance on a liquid surface. The results obtained from these calculations and consideration of various possibilities which arise from them will be dealt with in more detail in later sections.
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T h e m eth od
The motion is a spherically symmetrical one throughout, so that both density p and velocity u are functions of radius and time t only. Also, since the entropy is the same everywhere, the pressure p can be expressed in the form kpy at all points, k and y being constants. If p 0, p0 are pressure and density conditions within the uniform surrounding medium, or atmosphere, we have Velocity of sound in the atmosphere -c0 = (yPo/Po)* =
Now the equation of motion is
and the equation of continuity is dp dp i t + u ir = -p
To reduce these to a non-dimensional form, take new variables defined by where a is a length, so far undefined, chosen to represent the linear dimen sions of the initial disturbance, and p1 is the density at the centre of the initial disturbance. The last relationship defines a new time unit as the time taken for a sound wave to travel under atmospheric conditions a distance equal to the chosen reference length a.
Substituting for u, p, r, and t, and making use of equation (1), we have after some reduction du'
(l+^p ')r-2-{l+Tfp'), dp' dt
where rj = ---; thus rj represents the initial central condensation at the Po centre of the disturbance, and is a constant throughout a given motion.
The left-hand sides of equations (4) and (5) are total derivatives. If the Production of ' blast ' waves by explosion
Unless stated otherwise, all symbols appearing hereafter will be of the non-dimensional forms.
As the expression (1 +VP)is actually equal to the ratio of the abso density at any point to absolute atmospheric density, it is at once obvious by inspection that these last equations are equivalent to the equations (2) and (3); for the new variables are so defined as to make the velocity of sound in atmospheric conditions unity. At the same time, the new forms have certain advantages. As they give rate of change of velocity and density at a point moving with the fluid, the displacement of a given shell moving with the fluid can be followed. The mass of fluid enclosed by such a shell can be evaluated by a simple integration from the density distribution within it (absolute densities must be used for this purpose), and as this mass should remain constant, the process provides an indirect check on the reliability of the results. Furthermore, initial disturbances having the same density distribution but of various degrees of violence and size can be treated at once by altering the value of the constant rj alone, and the results, from a graphical point of view, all begin with the same curve for density distribution. The comparative effects of increased initial pressures on the course of the motion will thus be clearly indicated. It must be emphasized, however, th at a complete repetition of the step-by-step process is required for each new set of initial conditions.
A number of shells initially positioned at rv r2, r3, ... will move with the fluid. Their positions at a time t can be represented by a displacement function of the form st(r), this being the position radius of a shell which initially had a position radius r. Suppose now that at a time t the displace ment, velocity and density distributions are known, together with the function DpjDt. Then the new distributions at the end of a short time interval St can be found in the following way. From pt{r) the right-hand side of equation (6) can be evaluated, giving the rate of change of velocity for a point moving with the fluid, whence the velocity increments can be found. The mean velocity of the fluid taken from its velocities at the beginning and end of the interval yields the displacement during the interval. Hence the new distributions of velocity and total displacement are known, and can be used in equation (7). I t is convenient and sufficiently accurate to evaluate the right-hand side of equation (7) as it stands, using the density distribution for time t. This gives a value for at the end of the interval, and the mean DpfDt for the interval can be calculated, after which the density increments are easily found. Consequently the new distributions at time t + 8 t are available. This group of operations constitutes one stage of the step-by-step calculation.
The equations can be solved in this way for a set of initial conditions as described in §1. The initial distribution of density can be defined by a relation of the form p -/ (r), and the function/(r) must assum unity at the centre (r = 0) and must approach zero for large values of r. Finally/ '( r ) is assumed to approach zero for large values of r, and also at the centre, and it is assumed in addition to be continuous. This last restric tion is imposed in order to avoid trouble arising from discontinuous functions in the equations and to eliminate any possibility of the formation of a shock wave at the outset. It is clear that the motion of a shock wave cannot be handled within the limits of the present method owing to the assumption that entropy remains constant everywhere.
At time t= 0 then, p =f{r). Velocity is zero everywhere. The displace ment function s0(r) is simply equal to r, and DpjDt is zero everywhere. The step-by-step process can be commenced at once over a chosen range of values of r, the operations being carried out at each of a number of reference points spaced over the required range. If these points are sufficiently close to one another the slopes dp/dr and duj can be cal accuracy at each point by finding the slope of the chord joining adjacent points on either side. A time interval must be chosen which is small enough to reduce errors due to approximations to as low a level as possible, otherwise it is found that the curves become so untidy and unreliable after the application of several stages that it is impossible to carry the process further. On the other hand, too small a time interval makes the calculations very laborious. Experience has shown that in the present case a time interval of 0-05 unit is suitable for the early stages of the motion. In later stages when the slopes of the curves increase, leading to more rapid changes in density and velocity, it is necessary to reduce the interval to 0-01 unit or even less. The distribution of points over the range must be sufficiently dense to facilitate estimations of slope and the construction of accurate curves from the results obtained stage by stage for extrapolation and interpolation purposes. Intervals of 0-01 are convenient, but it is advisable to have points closer together than this near the centre, and in the neighbourhood of peaks 159 of waves. Points may be inserted as required by making graphical inter polations on the p and u curves, the appropriate values of r being taken from a plot of the displacement function st{r) against r.
When, slopes are calculated by taking chords, the two outside and the two inside points will be 'lost' at the conclusion of each stage, since each stage involves the estimation of two slopes. These points can be replaced with the aid of certain physical assumptions as to the character of the boundary motion at each end of the range. Thus it may be assumed that no disturbance is travelling inwards from outer regions of space to interfere with the motions set up by the sphere of initial disturbance considered, and it will then follow that a wave formation will be propagated outwards, and that the extreme front of the disturbance will either take the form of a shock wave or of a progressive sound wave. In the calculations presently to be described it was possible to apply the equations for a progressive sound wave to the outer boundary of the disturbance and so to recover the boundary points. Since we are not concerned in the present problem with any possibility of a source or sink at the centre of disturbance, it is also reasonable to assume on physical grounds that u and both approach zero as r approaches zero. If the points of reference are chosen close together near the centre, the velocity curve may be produced into the origin and the density curve may be faired in graphically to a horizontal tangent at 0.
An extract from the actual calculations, which are described in detail in the next section, is set out in table 1. This table shows one complete stage of the calculation, illustrating how the conditions at a time t = 0-20 are derived from those at a time t = 0*15.
The calculations
The above method has been applied to obtain a solution in a particular case. In order to avoid any complications arising from the early formation of shock waves a low value was chosen for rj, namely, = 2. The initial density distribution was defined by the relation p e-4r\ The whole initial disturbance is roughly contained in a sphere of radius unity. The initial central density will be three times atmospheric density, and will correspond to zero density (absolute). 
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? ? * ? ? ? 8 8 £ 8 £gS£g$g 0 6 6 0 6 6 6 6 6 6 6 0 HHHHHH intervals of 0-2, and in order to provide a better picture of the motion the axes for each successive curve are displaced downwards through a corre sponding distance of 0*2, the scales being kept the same. At time = 0 *8 it was found that the density distributions in the outer regions of the range were conforming very closely to distributions calculated from sound wave theory and henceforth much labour was eliminated by making free use of the laws of sound wave theory in place of the step-by-step processes (Lamb duction of * b l a s t* waves by explosion
1916, p. 485). As the motion proceeds it turns out that the sound wave theory becomes applicable at distances nearer to the centre. Density distributions deduced by this alternative method haye been tabulated in table 4. In the later stages of the calculations, the variations near the centre begin to take place more rapidly, and density and velocity gradients become steeper. It was therefore necessary gradually to decrease the time interval from 0-05 to 0*01 and extra points of reference were inserted near the centre. At time t = 1-35 it became difficult to control the operations, and at time • Production of 'blast' waves by explosion The results are of considerable interest. The initial stages of the motion are similar to those derived by sound wave theory, the main difference being that dp/dr remains zero at r = 0. A wave is formed at time begins to move outwards. It is at this point that a completely new pheno menon appears. As this front wave advances it sheds a recoil wave. The first traces of this appear at time t = 0*6, and its formatio followed in the diagrams. Both waves move approximately with the speed of sound, and the front wave takes on the full characteristics of a sound wave from time t = 0-8. Meanwhile the recoil wave moves inwards, and its approach to the centre is accompanied by a violent rise in density shown in the curves for t = 1-10 onwards. For reasons shortly to be discussed it is impossible to state the value of the maximum density attained during th is recondensation with any certainty, but it would seem that highest pressure will be reached at a time t = 1-26 approximately and tha 2-3. Thus the new central density is some 85 % greater than the initial central density.
H (N CO H d H H H CO H H d H d d H d H
A .* • • • • • ••••• • • • • • • O O O O o o o o o o o o o o o o
-1 -5 5 T 7 'l-4S
As would be expected, the new disturbance quickly breaks up and a second wave is formed at t = 1-30. The changes of shape as its motion outwards may or may not be due to calculation errors, but it is quite definite that at time t = 1-35 another recoil wave is formed. At the conclusion of the calculation density is once more rising rapidly at the centre and it is clear that a third concentration of pressure will take place, form ing yet another wave. From the results at time 1-35 it has been found pos sible by sound wave theory to calculate the form of the wave at large dis tances from the centre with special reference to the first and second waves. A trace of the third wave also appears. From this curve it is possible to derive a reasonably clear picture of what the whole wave train will look like, and a diagram of the wave train obtained in this way is shown in figure 3 . In this diagram the form of the wave, after advance to a large distance Near the centre of disturbance the integral M falls off considerably in the course of the calculation. Further out the values of M become more con sistent although slight drops are still recorded. Thus the shells take up positions inside those consistent with the density distributions recorded. I t is as though each shell slipped slightly in the course of each stage. Now if the shell at r = 0-122 at time 1*35 is displaced to a positio neighbourhood of r = 0-165, consistency is attained; hence in the worst case the error in shell position at the end of 37 stages amounts only to 0-045* approximately. It is also found that if a given stage is repeated in smaller time intervals, this slipping effect is reduced while the results for density and velocity distributions are not seriously affected. Thus the discrepancies are not to be regarded as serious except perhaps in the immediate neigh bourhood of r = 0. Owing to the term 2 appearing in equation (7) it obvious that calculated values near the centre may not be reliable, and it is for this reason that the height of the peak at the second condensation cannot be stated with certainty.
The integral E is extremely sensitive to small errors. Thus, if the ordinates in the front wave alone were to be increased by so little as 20 %, the value of E at time t -1-35 at once becomes of the same order as the initial value.
Although these considerations cannot prove that the results are reason ably accurate, it can at least be said that no indication is given that' the results may be seriously wrong. The good agreement obtained by the applications of general sound wave theory therefore justify the conclusion th at the position is satisfactory with regard to quantitative accuracy, and th at there can be little doubt th a t the results are correct from a qualitative point of view.
Conclusion
The train of waves which is found as the form of disturbance propagated to infinity bears some similarity to the train of circular ripples moving outwards from a slight disturbance on a liquid surface. Disturbances resulting from more violent initial motions on a liquid surface are cha racterized by more complicated forms, and something of the same sort of modification of form will certainly take place with the finite amplitude spherical waves when the initial central condensation is increased to values comparable with those attained a t the centres of explosions. In particular severe practical difficulties are to be expected in the introduction of the theory to deal with the resulting shock waves. Another difficulty which may prove to be troublesome is the choice of an initial density distribution to correspond with conditions inside an explosion, although it would seem likely that the final wave form will not be so dependent on the density distribution as on the dimensions and violence of the original disturbance. The present methods can in any case deal in some measure with the initial stages of the motion prior to the formation of shock waves, and application of the method in its present form to higher initial central condensations is obviously the next step forward.
Meanwhile, in spite of the low intensity of the disturbance chosen for the first test of the method, the calculation has brought out one or two very interesting points in relation to experimental data. I t has, for instance, indicated th at more than one wave can come from a single region of con densation. Further, it has also been found that the zones of compression are of small length as compared with the rarefied zones separating them. These facts fit in with some of the experimental information already available, and however unimportant these points may be in themselves they do at least suggest favourable possibilities for the future in the application of this method.
The results obtained give rise to many interesting conjectures. The front wave will at some stage become a shock wave when the initial disturbance reaches a certain intensity, and the question at once arises as to whether it will then remain a shock wave, or whether it will in the course of its motion revert to a normal wave form. The formation of a second wave raises the possibility of a second shock wave being formed, and this in turn raises the
